It has previously been pointed out that the coexistence of infinite-range and short-range interactions causes a system to have a phase transition of the mean-field universality class, in which the cluster size is finite even at the critical point. In the present paper, we study this property in a model of bistable molecules, whose size changes depending on the bistable states. The molecules can move in space, interacting via an elastic interaction. It is known that due to the different sizes, an effective long-range interaction between the spins appears, and thus this model has a mean-field type of phase transition. It is found that the scaling properties of the shift of the critical temperature from the pure short-range limit in the model with infinite-range and short-range interactions hold also in the present model, regarding the ratio of the size of the two states as a control parameter for the strength of the long-range interaction. By studying the structure factor, it is shown that the dependence of the cluster size at the critical temperature also shows the same scaling properties as a previously studied model with both infinite-range and short-range interactions. We therefore conclude that these scaling relations hold universally in hybrid models with both short-range and weak long-range interactions.
I. INTRODUCTION
The divergence of the correlation length at the critical point is considered to be one of the most important properties of second-order phase transitions. However, it is also known that in phase transitions of infinite-range interacting systems that belong to the mean-field universality class, the correlation length does not diverge, and the spatial configuration is uniform with no domain structures or clustering. In a previous work, we studied a hybrid model with both short-range and weak long-range interactions. 1 The Hamiltonian of that model is given by
with
and
We defined the model on the square lattice with periodic boundary conditions. Here, the strength of the infinite-range interaction is controlled by varying α. When α = 0, the system is equivalent to the pure short-range Ising model, and the system with α = 1 is equivalent to the pure infinite-range interaction model. The critical temperature in the previous hybrid model (1) shows a crossover from that of the pure short-range Ising model to that of the infinite-range interaction model. It should be noted that even for infinitesimally small α, the phase transition belongs to the mean-field universality class, and at the critical point, the spin configuration is uniform with no large-scale clustering. A scaling formula for the α-dependence of the critical temperature T c is found, such that 
The correlation length ξ c at T c is also found as a function of α, ξ c (α, L) = Lf (Lα 
for small α and large L. The function f (x) is a scaling function which asymptotically approaches 1/x for large x.
Although the long-range interaction in this model is rather artificial, recently it has been pointed out that spin-crossover materials and related materials show a similar kind of longrange correlation.
2 Spin-crossover materials are molecular crystals, in which the molecules can exist in two different states: the high-spin (HS) state and the low-spin (LS) state. The HS state is preferable at high temperatures because of its high degeneracy, while the LS state is preferable at low temperatures because of its low enthalpy. In addition to temperature, pressure changes and light exposure also often induce a phase transition in spin-crossover materials. Spin-crossover and related materials are used in many applications, because of their inherent bistability that leads to changes in optical and magnetic properties, etc.
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Phase transitions in spin-crossover and related materials have been studied extensively in chemistry 4-10 and recently also in physics. [11] [12] [13] [14] [15] [16] For a wide variety of applications, it is of great interest to study the ordering process in spin-crossover materials.
This type of materials are also regarded as fundamental models for inter-molecular shortrange and elastic interactions due to the lattice distortion, and an elastic interaction model has been proposed. 2, 11 An important characteristic of this model is an effective long-range interaction due to the lattice distortion caused by the size difference between the HS (large) and LS (small) molecules. Even at the critical point, there exists no large-scale domain structures. However, in the elastic interaction model, there does not exist inter-molecular short-range interaction, so the model does not show any crossover from an effective shortrange interacting system to an effective long-range interacting system. Therefore, developing quantitative hybrid models with both short-range and the elastic interactions for the critical behavior of such materials is very important.
In this paper, we focus on a system with both elastic interactions and short-range Ising interactions. We perform Monte Carlo (MC) simulations to study the properties of this model at the critical point. The rest of the paper is organized as follows. In Sec. II, we introduce a new model with both elastic and short-range Ising interactions, and we propose a relation between this model and the model studied previously. 1 We find that the scaling formulae for the critical temperature and correlation length obtained in the previous paper 1 apply to this model, as well. In Sec. III, we briefly review the MC algorithms and give the result of MC simulations for the critical temperature, confirming the relation. In Sec. IV, we similarly confirm the scaling form of the correlation length at the critical point. In Sec.
V, we summarize our results, and in appendix A we discuss in detail how we calculate the correlation length at the critical point.
II. MODEL
In this paper, we adopt the following model with both lattice distortion and intermolecular short-range interactions on the square lattice with periodic boundary conditions.
From now on, L denotes the number of molecules along an edge of the lattice, so the total number of sites is N = L 2 . The Hamiltonian is
where r i represents the continuous coordinate of the molecule i, and are the corresponding spring constants. The next-nearest-neighbor interaction is introduced to maintain the shape of the lattice, and the strength of k 2 is not important as long as the global shape of the square lattice is kept. Here we take k 2 = k 1 /10. We define the pure elastic interaction model as
The molecular radius is determined by the local spin state : R H for the HS state (large,
) and R L for the LS state (small, σ i = −1). When |r i − r j | is equal to the sum of the radii R i (σ i ) + R j (σ j ), the corresponding contribution to the elastic energy has its minimum.
In H eff , which represents the ligand field, D denotes the energy difference between the HS state and LS state, and g denotes the ratio of the degeneracies of the HS state and LS state.
The order parameter of these models (6) and (8) is defined as
which is related to the fraction of HS molecules, f HS , as m = 2f HS − 1.
In order to see the competition between the short-range interaction and the lattice distortion due to the molecular size difference, we consider the model (6) along the coexistent line, m = 0, as we studied in the previous work for the Ising model. Thus we set
For simplicity, this situation is described by the present model (6) in which D = 0 and g = 1. In this model, a ferromagnetic second-order phase transition takes place at the critical temperature T c . Below T c , there exist two different ordered states, the HS state and the LS state.
It has been found that in the pure elastic interaction model (8) , the spin configuration is uniform at the critical point, with no large-scale clustering. 2 The phase transition belongs to the mean-field (MF) universality class, and the spin correlation function approaches a non-zero constant in the long-distance limit. The origin of the long-range interaction in the elastic model is lattice distortion due to the size difference between the HS and LS states. We expect that the ratio of the radii R L /R H controls the strength of the effective long-range interaction. Namely, R L /R H plays a role similar to α in the previous hybrid model (1) . The strength of the long-range interaction is given by the elastic energy, which is of the order of (
We therefore consider that the parameter to indicate the strength of the long-range interaction is given by
With this relation, we expect that the relations (4) and (5) take the following forms,
respectively. As in our previous work, 1 as long as the value of 1 − R L /R H is small, we expect these formulae to be correct. In Fig. 1 , we depict a typical configuration of the elastic and short-range interaction model at its critical temperature. Unlike the pure short-range Ising model, the spin configuration is uniform with no large-scale clustering, even at the critical temperature. A lattice distortion also occurs, and we observe an uneven system surface.
III. CRITICAL TEMPERATURE
In this section, we perform MC simulations to test the scaling relation for the critical temperature (11) . For the simulation, we adopt the NP T -MC method 15 for the isothermalisobaric ensemble with the number of molecules N, the pressure of the system P , and the temperature T . In this paper, in order to exclude other effects than those due to the elastic interaction through distortion, we fix P = 0. We also fix the spring constants as k 1 = 40 and k 2 = 4 as in our previous work. 2 The critical temperature of the pure elastic interaction
and we choose J = 0.1 in order to keep the two terms in the present model (6) of comparable magnitude near the critical temperature. Therefore, T IS c = 0.2269 · · · in these units on the square lattice. We use a standard Metropolis method, adopting periodic boundary conditions. In most cases, we performed eight independent runs of 4,000,000 Monte Carlo steps per spin (MCSS) for the each data with 100,000 MCSS for the initial equilibration. We confirm that the statistical errors are smaller than the marks in the following graphs. We fix R L = 1.0 and choose R H = 1.005, 1.008, 1.010, 1.015, 1.02, 1.05, and 1.1.
We have previously pointed out that even infinitesimally weak long-range interactions become dominant in the thermodynamic limit. 1 In the case of the previous hybrid model (1), this property is explained by the fact that in a well coarse-grained Hamiltonian, the longrange interactions become stronger than the short-range ones. We need systems sufficiently large that clusters caused by the short-range interactions can be regarded as block spins.
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Here we assume that this size dependent crossover phenomenon also takes place in the present model (6) .
Here, in order to estimate the critical temperature, we adopt a method we also used in our previous paper. We use the crossing point of the forth-order Binder cumulant 17 U 4 (L) for different system sizes to estimate the critical temperature T c (R L /R H ) with high precision.
The cumulant is defined as In Fig. 2 , we see that the crossing points of the Binder cumulant decrease toward the mean-field fixed-point value, U 
IV. CORRELATION LENGTH
In this section, we perform MC simulations to test the scaling relation for the correlation length at the critical point (12) . We previously calculated the critical correlation length in the previous hybrid model (1) from MC simulations. 1 In that paper, we used the spincorrelation function c(r) = σ(r ′ )σ(r ′ + r) to estimate the correlation length, excluding the contribution of long-range correlations from the correlation function. In the present model (6), because of strong anisotropy of the correlations, 2 it is not practical to calculate the correlation length ξ (R L /R H ) with this method.
Here we instead obtain the correlation length from the structure factor,
which is readily measured in scattering experiments. All the contributions of the long-range correlations are given by S(k = 0), so we can easily exclude them from the calculation.
Here we note that there exist many experimental studies on the structure factors of magnetic materials, 29 obtained by neutron scattering. In the case of spin-crossover materials, the structures have been studied by single-crystal x-ray diffraction experiments. 30, 31 The structure factor for the HS/LS state domains discussed in the present paper can be obtained from diffuse x-ray scattering.
In the pure short-range Ising model at the critical temperature, the structure factor has its peak at k = 0 with infinitesimally narrow width in the thermodynamic limit. However, in the hybrid model with both short-range and long-range interactions, the system prefers a spatially uniform configuration and the cluster size is suppressed even at the critical temperature, and the peak has a finite width in the thermodynamic limit. Here we obtain the correlation length at the critical point, ξ c by calculating the characteristic peak width of the structure factor. In Fig. 5 , we depict the structure factor of the pure Ising model at its critical temperature (circles) together with that of the hybrid model at its critical temperature (squares). Figure 5 (a) shows the structure factor of the system for L = 160, and Fig. 5 (b) is for L = 20. We find a qualitative difference between these figures. Namely, we find a flat region in S(k) of the hybrid model around k = 0 in Fig. 5 (a) , while S(k) for both the pure short-range Ising model and the hybrid model show similar peaks in Fig. 5 (b) .
The structure factor of the hybrid model consists of two parts: A δ-function at k = 0 and a broad peak reflecting short-range order with the correlation length ξ c . The two-parts are superimposed in Fig. 5 (a) . The flat region belongs to the diffuse peak, which is due to the finite cluster structure of the hybrid model. We find that for sufficiently large systems, the diffuse peak and the δ-peak at k = 0 are well distinguished. In those systems, we define the characteristic peak width |k peak | as the spectral peak width of the diffuse peak as shown by the arrows in Fig. 5 (a) .
In Fig. 5 (b) , for small L, the resolution in k-space (2π/L) is rather coarse, so the data points do not reflect the finite width of the peak in the hybrid model well. It is hard to distinguish between the structure factors of the Ising model and the hybrid model in such small systems.
We note that the sum rule of the structure factor is k S(k) = N. In the hybrid model, S(k) for large |k| is larger than that of the pure short-range Ising model because S(k)
around k = 0 is suppressed in the hybrid model.
We can estimate the correlation length ξ from the structure factor by considering the first moment of k −1 ,
where k = |k|. In our present model, the correlation function of the spin configuration is given by 2,23
Here, c SR (|r i − r j |) denotes the contributions from the short-range interactions, and c LR denotes those from the long-range interactions. We note that the long-range correlation c LR does not depend on the distance |r i − r j |. In Eq. (15), the contribution from the long-range correlations c LR (i.e., S(k = 0)) is excluded, so we use the asymptotic formula for the pure short-range Ising model,
In the thermodynamic limit, we replace the sum in (15) by an integral:
In the last line, we use the substitutions, K = kr, R = r/ξ, and J 0 (K) is the Bessel function.
There is no singularity in the integral, and k −1 gives a power of the correlation length.
Therefore we define the critical correlation length ξ c at the critical temperature T c as follows,
where k c is, by making use of (12),
where
We obtained k Here let us consider the reason for this behavior. This fast growth is due to the coarse resolution in k-space. The characteristic peak width of the hybrid model does not represent well the structure factor in the small systems (Fig. 5(b) ), and the correlation length of the hybrid model is overestimated in Eq. (23) . This extra size dependence for small size comes from the discontinuous nature of k-space, and is not essential for the present purpose. The same behavior is found in the previous hybrid model (1) . In both models, the previous hybrid model (1) and the present model (6), the long-range interactions suppress the clustering of spins. Thus there appear tightly correlated effective block spins. In the coarsegrained Hamiltonian with the block spins, the long-range interactions become effectively stronger than the short-range interactions.
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According to this picture, for L smaller than the clusters caused by the short-range interaction, the long-range interaction is irrelevant. Thus, for small L, the system is an effective short-range interacting system. On the other hand, for sufficiently large L, the system is an effective long-range interacting system. We refer the crossover length as L cl , which we define as L cl = 1/|k peak |. The inflection points in Fig. 6 also indicate the crossover length of the system size, L cl . For L > L cl , the correlation length at the critical point,
We also found that the peak position ofχ(L) ≡ 1 N ( M 2 − |M| 2 ) shows similar behavior.
The peak position, the effective 'critical point' for a system of size L , saturates at the critical temperature in the thermodynamic limit:
As in the previous work, 1 we found a non-monotonic dependence of the peak position as a function of L. For small L, the peak positions approach T c from the high-temperatureside, while for large L, the peak position is on the low-temperature-side and eventually approaches T c from below. This non-monotonic behavior indicates the crossover from the effective short-range system to the effective long-range system. It is an interesting problem to study the relation between the crossover phenomena inχ(L) and the correlation length ξ c in Fig. 6 . We expect that this general system size dependence occurs in any hybrid model where effective spins play an important role.
In appendix A, we discuss in detail how the correlation lengths are measured. In Fig 7, we plot the data for L > L cl (R L /R H ) in a scaling plot of the form (23) . We find that the data collapse onto a scaling function and thus we conclude that (23) is justified. 
V. SUMMARY AND FURTHER DISCUSSION
In general, spin-crossover and related materials have both short-range and long-range interactions. If the elastic potential is chosen spin-state dependent 27, 28 , in which different potential functions (coupling constants) are given for LS-LS, LS-HS, and HS-HS molecular pairs, it is considered that the interaction has intrinsically both short-range and long-range components. In this paper, we have studied critical properties of the present model (6) with elastic and short-range interactions. By Monte Carlo simulations we confirmed that the present model obeys a scaling relation for the shift of the critical temperature as a function of the strength of the long-range interaction, which is determined by the ratio of the radii of the molecules in both states. We similarly confirmed that the present model also obeys a scaling relation for the correlation length at the critical point, which was found in our previous work for the hybrid model with infinite-range and nearest-neighbor interactions.
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Although the origin of the long-range interaction is very different in the previous model and the present model, we found several kinds of universality in their critical properties.
In the present model, because of the anisotropy in the correlation function, we estimated the correlation length from the structure factor. By this method, the correlation length can be measured in scattering experiments on real materials. Because spin-crossover materials usually undergo first-order phase transitions, experiments on the structure factors of these materials have been so far only done for HS/LS ordered phase. 30, 31 Our results show that the structure factor of spin-crossover materials should exhibit a peak with finite width at the critical point due to the elastic interaction. We hope such unique behavior will be observed by single crystal x-ray diffraction along the coexistence line and at the critical point.
It was confirmed that the present model (6) possesses an effective long-range interaction. The details of the effective long-range interactions introduced by the elastic degrees of freedom in the present model are not known. Only for d = 1, 25 it has been shown rigorously that the model can be mapped onto an short-range Ising model. There has also been much previous research on three-dimensional elastic solids, and it is generally argued that the dominant long-range interactions are of a dipole-dipole nature, ∼ 1/r 3 . 26 Although the effects of distortions in the present model are not identical to those in the classical elastic media for which these results were obtained, we assume that the elastically mediated interactions in our model also are of such long-range type. However, in our present model the spin correlation function shows infinite-range correlations above the critical temperature.
2,23
Therefore, we assume that there are similar but unknown infinite-range interactions in the present model. Understanding the mechanism by which the infinite-range interactions arise remains an intriguing problem for future research.
